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SUPERSONICFLOWPASTNONLXFTINGBUMPED

ByF.

Lineartheory

ANDINDENTEDBODIESOFREVOLUTION

EdwardMcLeanandConradRennemann,Jr.

isusedto calculatethesurfacepressms, field
pressures,andwavedragofnonliftingb-d andindentedbo~es of
revolutionin supersonicflowandtheresultsarecomparedwiththecor.
respondingpropertiesofa smoothbasicbody. Thecalculationsshow
thatrelativelysmallsurfaceirregularitiescauselargepressuredis-
turbancesbothonthebodyandinthefield.Applicationofa correction
forthecurvatureoftheCharacteristicssubstantiallychangesthenature
ofthepressuredistribution,particularlyinthedisturbancefieldgen-
eratedby a surfaceirregularity.Thedragresultsindicatethat,in
general,thewavedragincreasesifvolumeisaddedto or subtractedfrom
a smoothbasicbodysoasto producea surfaceirregularityonthebasic
body. Thetotalwavedragofmonsmoothbodiesconsistsoftworelatively
shpleterms- thedragofthebasicbodyandtheQragofthebodydeter-
minedfromtheareadistributionofthebumpor indentationalone- and
a complicatedinterferenceterm. Theinterferenceparametersarepre-
sentedfortwobodytypesanda rangeofvaluesis suggestedforusein
obtaininga reasonableestimateofthewavedragofnonsmoothbodies.

INTRODUCTION

Theaerodynamiccharacteristicsofbodiesofrevolutionat super-
sonicspeedshavebeenconsideredinnumerousinvestigationsandseveral
methodshavebeendevelo~dto describeth&flowpastsuchshapes.The
metho~o; characteristicsandthelineartheoryapproximationsof
VonKArman(ref.1),Lighthill(ref.2),andWard(ref.3)haveproven
es&ciaUyusefulinthisregard.Althoughmsmycalculationshavebeen
madeby usingthesemethods,mosthavebeenlimitedto smoothbodies.
Withtheadventofthearearule,however,therehasbeenconsiderable
interestinnonsmoothshapes.

Thepurposeofthepresentpaperisto considertheaerodynamic
propertiesofa simpleclassofnonsmoothbodies- nsmely,bodiesof
revolutionwhichhaveirregularitiesinareadistribution.Lineartheory
isusedto calculatethesurfacepressures,fieldpressures,andwave
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dragfornonliftingbmped andindentedparabolicbodiesofrevolution
in supersonicflowandtheresultssrecomparedwiththecorresponding

.

propertiesofa moothbasicbody. TheWhithamtheory(ref.k) isused
to correctthefieldpressuresforthecurvatureofthecharacteristics.

SYMBOLS

A cross-sectionslarea

B interference-dragpsmmeterappearinginequation(14)

%
P - Pmpressurecoefficient,
~

D wam drag

Jy f’(~)d~”
F(Y)=

o /F=i

f source-distributionfunction

2 lengthof sourcedistribution

M free-streamMch nmber

N source-distributionconstant

P localpressure

Pm free-streampressure

~ WC pressure,$ puz

R bodyradius

u free-stresmvelocity

v volume

—_— —
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axialandradial
coordinates

3

distances,respectively,in cylindrical

coordinatesclefinedby equations(12)

originofbwnpor indentationsourcedistribution

characteristicnunber,x - f3r

incrementalvalue

ratioof specificheats

dmmy variableofinte~ation

free-stream

disturbance

density

velocitypotential.

Subscripts:

1 basicbody

2 bumporindentation

SH seS37S-=Ck body

x partial.derivativewithrespectto x

r partialderivativewithrespectto r

Prhnesdenotederivativeswithrespectto theindicatedargument
ofthefunction.

METHODOFCALCULATION

Thelinearizeddifferentialequationforaxisyaunetricsupersonic
flowis

(1)

.— . . . ..— —.— -—. .— .-. ——. — ——- ..—. —. —
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where P = f~, M isthestresmMachnmnkr,and @ istheUs.
turbancevelocitynotential.(Thecoordinatesystemisdefinedin
fig.1.) A sol&.i.&
cank expressedas

$

ofequation(1)forflowpasta bodyofrevolution

1J’x-fir f(~)d~=—
a. ((x- E)2- $%2

(2)

where f(~) representsa distributionofsourcesalongtheaxisofthe
body. Thesourcedistributionf(~) isrelatedtothebodyconfigura-
tionby theboundaryconditionofzeronomalvelocityatthebodysur-
face.Withtheaidofmass-flowconsiderations(seeref.5),this
boundaryconditioncanbewrittenas .

J’x-pR(x)l-@2(x)=
(X- ~)f(~)d~

o 1(X-M -f32R2(x)
(3)

where R(x) isthebodyradiusatanystationx.

Inasmuchastheinverseoftheintegralequation(eq.3)forthe
sourcestren@hisnotlmown,themethodofanalysistioptedwasto
considerthesourcedistributionastheprimaryvariable.Withthis
approach,nonsmoothbodiesofrevolutioncanbe generatedbythesuper-
positionoftwolmownsourcedistributions.Thesourcedistribution
;l(x) givesrisetothebasicbodywhichkLes
x= 21. Thebunpor indentationis ckatedby
sourcedistributionf2(x) on fl(x) from x
where ~ denotestheoriginof f2 and 22
Thus,

f(x)=

f(x)=

f(x)=

A plussignbefore
an indentation.

fl(x)* f2(x)
(%3

fl(x)
(9

f2(x) correspondsto

betweenx = O and
superposition
=Xotox=
isthelength

%) 1

abumpandaminus

ofthe

X0+ 22)
of f2.

si~, to

(4)

—
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Theexpressionsfor fl(x) and f2(x) usedintheanalysisare

-L-L

hfp(x)=—
N22Z22

>

1+-XO)- 3Z2(X- XO)2++ -X(I)3

(5)

-1J
Thefunctionsfl(x) slld-f@ eachgiveriseto a parabolicbodyof
revolutionintheslender-bodyapproximation

f(x)= A’(x) (6)

where A(x) isthecross-sectionalareadistributionandtheprime
denotesthederivativewithrespecttotheargmhentofthefunction.
TIEparameterN1 or N2 whichappearsinequations(5)canbe inter-
pretedgeometricallyastheslender-bodyappro-tion (eq.6)tothe
finenessratioofthebodygeneratedby fl or fp ~o~ ●

CalculationofBodyShape

Equation(3)maybewrittenintermsofthesource
and f2 as

I X+R(X) (x - g)fl(~)d~
l-dlqx)= ~

(x- g)2- #R2(x)

px+?ll(x)

distributions

(x- ~)f~(~)d~
*I —

‘% (x- E)2- ~2R2(x)

(7)

equationistediousinasmuchasThecalculationofbodyshapefromthis
R(x) occursineachterm. Consegpently,‘inthefolloidngparagraphs
theequationis stipl.ifiedandexpressedina formwhichpsrtiallysepa-
ratesthecalculationofbmp shapefranthecsd.culationofbasicbody
shape.

—. — . ..-. —— .._ .——. .—— —— —. .— —— —--—
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Forcertaintypes
calculatedby equation

ofproblems,itis
(3)canbe closely
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wellknownthatbodyshapes
approximatedby preassigning f

a valueto R(xj ontti-right-@ndside-oftheequation.IX R(x)/Z
iS small comparedwithunity,R(x) ~ be setequalto zeroandthe
equationreducesto‘khesimpleslender-bodyrelation(eq.6). For
9W@-cY~id COI.3fiWatiO~ (ref.2), R(x) maybe assi~d a
constsmttiue ontk right-handsideofequation(3). b reference6,
whichconsiderstheproblemofboattailbodiesofrevolutionhaving
minimumdrag,R(x) isassignedthevaluescorrespondingtothecone
thatpassesthroughthenoseandbaseofthebody.

=TheapproximatemethodsoutMnedsuggestthatscmereasonablesim-
plificationscanbemadeinequation(7). Forthebodyshapesconsidered
herein,R(x) isverysmallccmparedwiththelengthof fl and,con-
sequently,theslender-bodyapproximationcanbemadeinthefirstinte-
gralofequation(7). However,inasmuchas R(x) isnotnecessarily
smaU comparedwiththelengthof f2,someotherappro-tion is
requiredinthesecondintegrsl.An approximationthathasthemerit
of simplicityandaccuracyistoreplaceR(x) inthesecondintegral.
ofequation(7)withtheradiusofthebasicbodyasdeterminedfrom
theslender-bodyrelation2iR1(x)Rl’(x)= fl(x).Then

where
basic

l-fiqx)= & f~(~)d,* j% -

thefirstinte~ represents
bodyandthesecondintegral.,

onlyon RI(x) and fa,represents
irregukri~.

~. . c-

~(x - E)2- f32R12(x)
(8)

theareadistributionoftheslender
whichfora givenhkchn&nberdepends
theareadistribtiionofthesurface

A comparisonofthebmapmea distributionsM asobtainedfrom
equations~6),(7),and(8)~or N1 = I-2,N2 = 8, @l = 0.50,—
22/21= 0.25,and M = V2 ispresentedinfigure2 anda comparison
of”thetotalareadistributionisshowninfigure3. Theapproximation
affordedby equation(8)forboththebmp areaandthetotalareais
consideredsatisfactory,whereastheslender-bodyapproximation(eq.6)
is consideredinadequateforthecalculationofnonsmoothshapes.

CalculationofPressureField

Idneartheory.-Thelinearizedpressurecoefficientatanypoint
inthefieldisgivenby

Cp = -2#x- @r2 (9)

..— ——-— ..—
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where

7

n x- 6r

J$x=-& “
o

J’L ‘ & ‘-B’
o

(lo)

(IL)

Whithsm’scorrection.-It iswellknownthatUneartheorydoes
notprovidea first-orderapproximationto.theflowfieldatsupersonic
speedsandthattheapproximationbecomesworseasthedistancefrom
thebodyisincreased.ThisfactledWbithm (ref.k)to developa
methodforcorrectingthelinearflowfieldssothata firstappro*-
tionis obtainedeverywhere.Whitham’sbasichypothesisisthatlinear
theorygivesthecorrectvaluesforthevelocitycomponentsbutlocates
themincorrectly.Bytakingthecurvatuxeofthecharacteristicsinto
account,Whithamdeduces
shouldbe locatedatthe

thatthevaluesof @x(x,r) and @r(x,r)
coordinates(S,F)where

lnequation(12)

y.x -m

Q2)

.— —. —— —.—
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Whentheflow-fielddatasrerelocatedbymeansofeqwtion(12), ,
itisfoundthat,in somecases,thecharacteristiclinescross.Whithsm
interpretssuchintersectionsas indicationsofthepresenceof shock
waves.Reference4 presentsfurtherdetailsandan interestinggraphical
methodoflocatingtheshockwavesfromthe F(y) curve.

CalculationofWaveDrag

Thewavedragofa distributionof sourcesalonganaxiscanbe
relatedtothemomentumtransferthrougha cylindricalsurfaceenclosing
theaxis. Theexpressionforthewavedragisthenobtained(seeref.1,
forexsmpk)as

z~ 21
—=- JV f’(x)f’(&)lo&lx- ~ldxd~
~ 00

(13)

where D isthewavedragand q isthedynamicpressure.Whenthe
sourcedistributionsgivenby equation(4)aresubstitutedintoequa-
tion(13)andtheindicatedintegrationsperformed,thewavedragcan /
bewrittenas

D

()()

‘1 2 22 D2
—=1*B— _+_
D1 N2 21 ~

or

+= ’’B(w3+(aw(14)

where ~ isthewavedragofthebasic
D2 isthewavedragof f2 alone,and
resultsfrcmthecombinationof fl and

sourcedistributionf1 alone,
D isthetotalwavedragwhich
fz. A plussignprecedingthe

secondtermontneright-handsideofequation(lk)correspondsto a
bmp onthebasicbodyanda minussigncorrespondsto an indentation.
ThefactorB appearingintheequationis a complicatedfunction

/
of X0 21

I
and 2221.

. ..— ——— ——–———-------
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FUZSUL!J!SANDDISCUSSION

Ik3dyshape

Scaledrawingsofthebasic,bumped,andindentedbodieseonsi&ed
hereinwe presentedinfigure4. Theseshapeswerecalculatedfromthe
basicmass-flowboundarycondition(eq.(7))for N1 = 12, N2 . 8,

%/11 = 0.50, z2~l = 0.25,and M . ~. Thedifferencesbetweenthe
basicbodyshapeandthesha~softhebmnpedandindentedbodiesappear
smallforthecaseselected.In orderto illustratemoreclearlythe
_tude ofthemea C* titroducedby thesurfaceirregularities,
thecross-sectionalareadistributionsofthesebodiesarepresentedin
figure5.

Thevariationofbwnpareadistributionwiththestrengthofthe
bwnpsourcedistributionis showninfiguge6,wherebumpareadistri-
butionsme presentedforvaluesof N2 . 6,8,and10. Theindentations
forcorrespondingvaluesof N2 sreslightlydifferentfrcmthebump
areadistributionsshowninasmuchasbodyshaps calculatedfromequ-
tion(7)sreinfluencedby theclifferencesbetweentheradiiofthe
bumpedsmdindentedbodies.E equation(8)isusedto calculatebody
shape,however,theareadistributionsof correspondingbumpsandinden-
tationsarethessme.

PressureField

Thesurfacepressuredistributionsforthebasic,bumped,md
indentedbodiescorrespondingtovaluesof N1 . 12, X@l = 0.50,
22/21=0.25,M=~, mdN2 = 6,8,and10 arepresentedinfig-
ure7.Althoughthesurfaceirregulsxitiesconsideredmakeonlysmall
visualchaugesinbodyshape(forexample,seefig..4),thesurface
pressuredisturbancescausedbytheirregularitiesareseentobe rela-
tivelylarge.It shouldbe pointedout,however,thatviscouseffects
wouldprobablyreducethemagnitudesofthepressuredisturbancesarising
fromsuchsmallsurfaceirregularities.

IUthelimitasthebwnplengthgoesto zero,thechangein surface
pressurecoefficientduetothebwp canbe obtainedexactlyfromthe

two-dimensionalpressurerelation~ . ~ AR’,where AR’ iS the -e

—.. .— .-..————. ——.—.——.—- —— . .. —— -..——
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inbodyslopedueto f2. A Comparisoriofthevaluesof ~ atthe .
surfaceas obtainedfranequation(9)andthetwo-dimensiondrelation
isp~sentedinfigure8 forthebmnpconsideredinthepresentpa~r. ,,

Field-pressurecoefficients,withandwithotitheWhithamcorrec-
tion,forthebasic,bmped,andindentedbdies (fig.4),me presented
infigures9,10,andU, respectively.Pressuredistributionsforeach
bodyshapearegivenatthefourfieldlocations/

r 21= 0.1.25,0.250,
0.500,and1.0.

Theshiftofthefieldpressurespredictedby theWhithamtheory
forthebasicbdy (fig.9),althoughsignificant,isnotlargeattbe
fieldlocationsshown,andthepredictedshockatthenoseofthebody
affectsonlya smallportionofthefield.However,theWbithsmcor-
rectionintheregionofthebumporindentation(figs.10 andU_)is
relativelylargeat allfieldstationsrepresented,andthepredicted
shockshavea markedeffectonthepressuredistribution.

Inorderto illustratethenatureofthecalculatedflowfieldabout
thebasic,b-d, andindentedbodies,sketchesoftheWhithamcorrected
characteristicsandshock‘locationsarepresentedinfigure12. Inthe
regionofthesurfaceirregularitythecorrectedcharacteristicsexhibit
considerablecurvature,whereasthelinearcharacteristicswouldhaveno
curvatureandwouldpointdownstreamatanangleof45°fromthebody
centerUne.

WaveDrag

Thevariationof D~ with N11N2 as calculatedfranequation(14)
forbothbmped andindentedbodiesisp~”sentedinfigure13for
I

22 21= 0.25with ~/zl = O and0.375,andfor 2211. 0.50 with
/

x@ = O and0.25. ‘I!hevaluesof xo/21 chosenbrackettherange

/of D~ forthegiven 72/21;thatis,thevalueof D D1 forother

Someofthec&ves correspondto twblocationsofthesourcedistri-
butionfp: For.example,theb-d-body curvefor Z21Z1= 0.25~d
X0/zl=0.75is identicsltothatfor ~/zl = O. lthhotidbe noted,
ho~ever,thatthedragofa givennonsmoothbdy isnotexactlythe
sameina forwardandreverseflowbecausethebmp areadependsupon
boththebumpsourcestrengthandtheconfigurationofthebasicbody.
(we eq.(8).)

Examinationoffigure13 showsthatinmostcasesthewavedrag
increasesifvolwe iseitheraddedto orsubtractedfroma smoothbasic 1/

— ..—
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bodysoastoproducea surfaceirregularityonthebasicbody.
exemple,thebwnpedandindentedbodies(fig.4)have41percent
22percentmoredrag,respectively,thanthesmoothbasicbody.

l-l

For
and

Accordingtofigure13,,theratios
I7221 and N1/N2 areofpri-

_ *rtmce h thedeterminationofthedrag,whereasthelocation
ofthesurfaceirregularityisof secondaryimportance.Thelatter
conclusionmighthavebeenanticipatedfroma resultofRobertT. Jones
presentedinreference7 that,fora Sears-Haackbasicbody,thedrag
incrementdtito addingor suti”ractinga bmnpisindependentofthe
locationofthebwp. ~ fSH denotesthesourcedistribtiionwhich
wouldgiveriseto a Sears-Haackbodyint% slender-bodyapproximation
and f2 denotesanyothersourcedistributionshorterthan fS=,Jones
foundthatthedragoftheshapegivenbysu~rpositionof f2 on fS=
canbe expressedas

D V2 +—=1+2—
D= VSH

Inequation(15),D2 denotesthedragof
thed?= Of fSH dO=. ThesymbolsV2
pretedina mannersimilartothatfor N

(15)

f2 ~one and D* denotes
W VSH ~ tobe inter-
forthe-parabolicshRpes;

thatis, V2 (or V~) isthevolumeofthebodydefinedby equation(6)
for f2

( )
or fSH do~. “

Theexpressionsforthedraggiven.by equations(14)and(15)nat-
urallyseparateintothreeparts- thedragofthebasicbodyalone,
thedragofa bodydeterminedby thevolmk ofthebumpor indentation
,alone,andan interferencedrag. M general,thedragoftheseparate
componentscanbe calculatedquiteeasily,whereasthecomputationof
theinterferencedragisratherinvolved.ItisnoteworthythatJones
discovereda caseforwhichtheinterferencedragisgivenby sucha
simpleexpression.

Wheneqpation(15)iswritteninthe,formofequation(14)fortwo
Se=S-Haacksourcedistributions,theinterference-dragparsmeterB
isgivenby

2

()

22
B=2—

71SH

—

—. . ——..—. _______ —.——. --——— --————
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Thesevaluesof B areshowninfigure.lkforcomparisonwith
thoseappearinginequation(14)forthe~abolic shapesconsideredin d

thispaper.Thereisgeneralagreementbetweenthemagnitudesof B
forthevariouslengthratios.T4isagreementsuggeststhepossibility
of obtaininga rapidestimateofthedragofnonsmbothshapesby selec-
tionofa valueof B fromfigure14 onthebasisoflengthratioalone.

CONCLUDINGREMARKS

Thesupersonicpressurefieldandwavedragofnonliftingbumped
andindentedbodiesofrevolutionarecalculatedby linearthe?ryand
theresultsam comparedwiththecorrespondingprowrtiesof‘asmooth
body. A comparisonofthecalculatedpressuredistributionsindicates
thatrelativelysmsU surfaceirregularitiescauselargepressuredis-
turbancesbothonthebodyandinthefield.AppMcationofa correc-
tionforthecurvatureofthecharacteristicssubstantiallychangesthe
natureofthepressuredistribution,partic~l.yinthedisturbance
fieldgeneratedby a surfaceirregularity.Thedragresultsindicate
that,ingeneral,thewave.dragincreasesifvolumeisaddedto or sub-
tractedfrm a smoothbasicbodysoastoproducea surfaceirregularity
onthebasicbody. Thetotalwavedragofnonsmoothbodiesconsistsof
tworelativelysimpleterms- thedragofthebasicbodyandthedrag
ofthebodydeterminedfromthecross-sectional.sxeadistrikmtionof
thebumpor indentationalone- anda compUcatedinterferenceterm.
Theinterferenceparametersarepresentedfortwobodytypesanda range
ofvaluesis suggestedforuseinobtaininga reasonableestimateofthe
dragofnonsmoothbodies.

LangleyAeronauticalLaboratory,
NationalAdvisoryComitteeforAeronatiics,

~ey Field,Va.,Z@ 14,1956.

“

*

— _ ——_.— ..- ——
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